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Abstract
In the first part of this paper, we introduce the notions of upper weight, lower weight and weight of subse-
quences of natural numbers and investigate some new estimations about Banach limits by using some results
from Sucheston [L. Sucheston, On existence of finite invariant measures, Math. Z. 86 (1964) 327–336;
L. Sucheston, Banach limit, Amer. Math. Monthly 74 (1967) 308–311]. In the second part of this paper,
we study the connections between weights and densities of subsequences of natural numbers, and give a
familiar formula to find some values of Banach limits on almost convergent sequences.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Let l∞ be the normed space of bounded sequences of real numbers x := {x(n)}∞n=1 with norm‖x‖∞ = sup |x(n)|. As an application of Hahn–Banach theorem, S. Banach [1, p. 34] proved that
there is a linear and bounded functional L on l∞, which has the following properties:
(a) if x := {x(n)}∞n=1 ∈ l∞ and x(n) 0, then L(x) 0;
(b) if x := {x(n)}∞n=1 ∈ l∞ and x(1) := {x(2), x(3), . . .}, then L(x) = L(x(1));
(c) L(1) = 1, where 1 := {1,1, . . .};
(d) ‖L‖ = 1;
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sequences of real numbers with the superior norm;
(f) the estimated inequality of L(x) [1, p. 34]: if x := {x(n)}∞n=1, then
lim inf
n→∞ x(n) L(x) lim supn→∞
x(n).
L was called generalized limit by S. Banach and it is called Banach limit now. The concept of
Banach limit is an extension of limit of sequence of numbers. It has been studied by many authors
and has been applied to approximation theory and other fields in mathematics (see [1–5]).
In [2], G.G. Lorentz gave a definition that a sequence x := {x(n)}∞n=1 ∈ l∞ is called almost
convergent, if there is a number s satisfying L(x) = s for all Banach limits L, and s is called the
F -limit of x. In the same paper, G.G. Lorentz proved the following result.
Theorem. (Lorentz [2]) A sequence x := {x(n)}∞n=1 ∈ l∞ is almost convergent with F-limit L(x)
if and only if
lim
n→∞
1
n
i+n−1∑
j=i
x(j) = L(x)
uniformly in i.
Based on Lorentz theorem, L. Sucheston [4,5] improved the estimated inequality (f) as fol-
lows:
(g) if x := {x(n)}∞n=1 ∈ l∞, then
lim
n→∞
(
inf
i
1
n
i+n−1∑
j=i
x(j)
)
 L(x) lim
n→∞
(
sup
i
1
n
i+n−1∑
j=i
x(j)
)
.
In Section 2 of this paper, based on the work of Sucheston, we give some new estimated
inequalities for Banach limits and some representations of Banach limits and provide a new prop-
erty of Banach limits that generalizes property (e); in Section 3, we investigate the connection
between weights and density of subsequences of natural numbers.
2. Main results
We begin this section by introducing some concepts.
Definition 1. A real number a is said to be a sub-limit of the sequence x := {x(n)}∞n=1 ∈ l∞,
if there exists a subsequence {x(nk)}∞k=1 of x with limit a. The set of all sub-limits of x is
denoted by S(x).
Definition 2. Suppose a ∈ S(x) for some x := {x(n)}∞n=1 ∈ l∞. A subsequence {x(nk)}∞k=1 of x
is called an essential subsequence of a if it converges to a, and for any subsequence {x(mt )}∞t=1
of x with limit a, except finite entries, all its entries are entries of {x(nk)}∞k=1.
It is obvious that if {x(nk)}∞k=1 and {x(mt )}∞t=1 are two essential subsequences of a, then
except finite number of entries {x(nk)}∞ and {x(mt )}∞ are the same.k=1 t=1
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wu
({
x(nk)
})= lim
n→∞
(
sup
i
A({k: i  nk  i + n − 1})
n
)
and
wl
({
x(nk)
})= lim
n→∞
(
inf
i
A({k: i  nk  i + n − 1})
n
)
,
where A(E) is the cardinality of the set E. wu({x(nk)}) and wl({x(nk)}) are called the upper and
lower weights of the subsequence {x(nk)}∞k=1, respectively. If wu({x(nk)}) = wl({x(nk)}), then
the subsequence {x(nk)}∞k=1 is said to be weightable and the weight of {x(nk)}∞k=1 is denoted by
w({x(nk)}), and
w
({
x(nk)
})= wu({x(nk)})= wl({x(nk)}).
From the definition we know
0wl
({
x(nk)
})
 1, 0wu
({
x(nk)
})
 1, and 0w
({
x(nk)
})
 1.
Theorem 1. Let x := {x(n)}∞n=1 ∈ l∞. Suppose a ∈ S(x). Let {x(nk)}∞k=1 and {x(mt )}∞t=1 be two
essential subsequences of a. Then
wu
({
x(nk)
})= wu({x(mt )}) and wl({x(nk)})= wl({x(mt )}).
Proof. Since {x(nk)}∞k=1 and {x(mt )}∞t=1 are two essential subsequences of a, there exists a
positive integer N such that
{nk: k N} = {mt : t N}.
For n > N , we have∣∣A({k: i  nk  i + n − 1})− A({t : i mt  i + n − 1})∣∣
= ∣∣A({k: i  nk < N} ∪ {k: N  nk  i + n − 1})
− A({t : i mt < N} ∪ {t : N mt  i + n − 1})∣∣
= ∣∣A({k: i  nk < N})+ A({k: N  nk  i + n − 1})
− A({t : i mt < N})+ A({t : N mt  i + n − 1})∣∣
= ∣∣A({k: i  nk < N})− A({t : i mt < N})∣∣< N,
which implies
A({t : i mt  i + n − 1})
n
 A({k: i  nk  i + n − 1})
n
+ N
n
for all i. Hence we obtain
lim
n→∞
(
sup
i
A({t : i mt  i + n − 1})
n
)
 lim
n→∞
(
sup
i
A({k: i  nk  i + n − 1})
n
)
.
Symmetrically we have
lim
n→∞
(
sup
A({t : i mt  i + n − 1})
n
)
 lim
n→∞
(
sup
A({k: i  nk  i + n − 1})
n
)
.i i
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wu
({
x(nk)
})= wu({x(mt )}). (1)
Similarly to the proof of (1), we can show wl({x(nk)}) = wl({x(mt )}). 
Theorem 1 points out that, for a ∈ S(x), all essential subsequences of a have the same upper
weight and lower weight, respectively. They are called the upper and lower weights of a in the
sequence x, and denoted by wu(a) and wl(a), respectively. The weight of a in the sequence x is
denoted by w(a), if wu(a) = wl(a).
Definition 4. For a ∈ S(x), let {x(nk)}∞k=1 be an essential subsequence of a. Define xa :={xa(n)}∞n=1 ∈ l∞, which has the following entries:
xa(n) =
{
x(n), if n = nk for k = 1,2,3, . . . ,
0, otherwise.
xa is called a testing sequence of a with respect to the essential subsequence {x(nk)}∞k=1.
Theorem 2. Suppose a ∈ S(x), and xa is a testing sequence of a. Then
awl(a) L
(
xa
)
 awu(a), if a  0,
awu(a) L
(
xa
)
 awl(a), if a < 0.
If w(a) exists, then for testing sequence xa of a, we have
L
(
xa
)= aw(a).
Proof. If a = 0, then xa is a convergent sequence with limit 0. Hence L(xa) = 0 by the prop-
erty (e) of Banach limits. Therefore the inequality holds.
Next we assume a > 0. Let y := {y(n)}∞n=1, which has the following entries:
y(n) =
{
1, if n = nk for k = 1,2,3, . . . ,
0, otherwise.
Since xa − ay is a convergent sequence with limit 0, from property (e) of Banach limits,
L(xa − ay) = 0. Applying the linearity of L, we get
L
(
xa
)= L(ay) = aL(y). (2)
From Sucheston’s theorem, which is stated as property (g), we have
lim
n→∞
(
inf
i
1
n
i+n−1∑
j=i
y(j)
)
 L(y) lim
n→∞
(
sup
i
1
n
i+n−1∑
j=i
y(j)
)
. (3)
Following the definition of upper and lower weights of a subsequence and the definition of y, we
have
wl(a) = lim
n→∞
(
inf
i
1
n
i+n−1∑
y(j)
)
 L(y) (4)j=i
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wu(a) = lim
n→∞
(
sup
i
1
n
i+n−1∑
j=i
y(j)
)
 L(y). (5)
Combining (2)–(5), we obtain
awl(a) L
(
xa
)
 awu(a)
for a > 0.
The rest part of the theorem, in case of a < 0, is an inference following immediately from
the case of a > 0. In fact, it is clear that −xa = x−a is a testing sequence of −a > 0. It implies
wl(−a) = wl(a) and wu(−a) = wu(a). Then the second part of this theorem follows immedi-
ately from the first part of this theorem. 
Theorem 3. Suppose x := {x(n)}∞n=1 ∈ l∞ and S(x) is a finite subset of nonnegative numbers,
say S(x) = {a1, a2, . . . , am}, where ai = aj , if i = j . Then
m∑
j=1
ajwl(aj ) L(x)
m∑
j=1
ajw
u(aj ).
If w(aj ) exists for each j , then x is almost convergent and for any Banach limit L,
L(x) =
m∑
j=1
ajw(aj ).
Proof. Without loose of the generality, we assume a1 > a2 > · · · > am. Define m index sets as
follows:
I (a1) =
{
n:
a1 + a2
2
 x(n)
}
,
I (a2) =
{
n:
a2 + a3
2
 x(n) < a1 + a2
2
}
,
...
I (am−1) =
{
n:
am−1 + am
2
 x(n) < am−2 + am−1
2
}
,
I (am) =
{
n: x(n) <
am−1 + am
2
}
.
It can be shown that for all j , 1 j m, I (aj ), defined as above, is the index set of an essential
subsequence of aj . In fact, suppose that a subsequence {x(mt )}∞t=1 of {x(n)}∞n=1 has limit aj , then
for positive numbers ε1 = (aj−1 − aj )/2 and ε2 = (aj − aj+1)/2, there exist positive integers
N1 and N2 respectively, such that∣∣x(mt ) − aj ∣∣< ε1, if t N1,
and ∣∣x(mt ) − aj ∣∣< ε2, if t N2,
486 B.Q. Feng, J.L. Li / J. Math. Anal. Appl. 323 (2006) 481–496that is,
aj − ε1 < x(mt) < aj + ε1, if t N1,
and
aj − ε2 < x(mt) < aj + ε2, if t N2.
Let N = max(N1,N2), then
aj − ε2 < x(mt) < aj + ε1, if t N,
that is
aj + aj+1
2
< x(mt) <
aj−1 + aj
2
,
hence mt ∈ I (aj ) for t N .
On the other hand, it is clear that the subsequence {x(n): n ∈ I (aj )} has a unique limit aj .
Hence {x(n): n ∈ I (aj )} is an essential subsequence of aj in the sequence x = {x(n)}∞n=1. Let
xaj be the testing sequence of aj based on the essential subsequence {x(n): n ∈ I (aj )}. It is
clear that
x =
m∑
j=1
xaj .
Since Banach limit L is linear, we have
L(x) =
m∑
j=1
L
(
xaj
)
,
from Theorem 2 we obtain
m∑
j=1
ajwl(aj ) L(x)
m∑
j=1
ajw
u(aj ). 
Theorem 4. Suppose x := {x(n)}∞n=1 ∈ l∞ and S(x) = {a1, a2, . . . , am} is a finite set, where
ai = aj , if i = j . Then∑
0<aj∈S(x)
ajwl(aj ) +
∑
0>aj∈S(x)
ajw
u(aj ) L(x)

∑
0<aj∈S(x)
ajw
u(aj ) +
∑
0>aj∈S(x)
ajwl(aj ).
If w(aj ) exists for each j , then x is almost convergent and for any Banach limit L,
L(x) =
m∑
j=1
ajw(aj ).
Proof. This theorem follows immediately from Theorems 2 and 3. 
As an improvement of property (e) of Banach limits, from Theorem 4 we have the following
property of Banach limits, which Raimi did in [3, Theorem 1].
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L(x) = a.
More general results are presented as follows.
Theorem 5. Suppose x := {x(n)}∞n=1 ∈ l∞ and S(x) is infinite but countable and has a unique
limit point p, that is S′(x) = {p}. Then∑
p<a∈S(x)
awl(a) +
∑
p>a∈S(x)
awu(a) + pwl(p)
L(x)
∑
p<a∈S(x)
awu(a) +
∑
p>a∈S(x)
awl(a) + pwu(p),
where
wl(p) =
[
1 −
∑
p<a∈S(x)
wl(a) −
∑
p>a∈S(x)
wu(a)
]
and
wu(p) =
[
1 −
∑
p<a∈S(x)
wu(a) −
∑
p>a∈S(x)
wl(a)
]
.
If, furthermore, wl(a) = wu(a) = w(a) for all a ∈ S(x) and a = p, then x is almost convergent
and for any Banach limit L,
L(x) =
∑
a∈S(x)
aw(a),
where w(p) = 1 −∑p =a∈S(x) w(a).
Proof. Suppose that p = 0. We assume S(x) = {a1, a2, a3, . . .}∪ {b1, b2, b3, . . .} with a1 > a2 >
a3 > · · · > 0 such that limm→∞ am ↓ 0, and b1 < b2 < b3 < · · · < 0 such that limm→∞ bm ↑ 0.
Define index sets as follows:
I (a1) =
{
n:
a1 + a2
2
< x(n)
}
,
I (aj ) =
{
n:
aj + aj+1
2
< x(n) aj−1 + aj
2
}
,
and
I (b1) =
{
n: x(n) <
b1 + b2
2
}
,
I (bj ) =
{
n:
bj−1 + bj
2
 x(n) < bj + bj+1
2
,
}
,
where j = 2,3, . . . . Similarly to the same proof of Theorem 3, we can show that, for j =
1,2,3, . . . , I (aj ) and I (bj ) are the index sets of essential subsequences of aj and bj , respec-
tively.
Let xaj and xbj , j = 1,2,3, . . . , be the testing sequences of aj and bj , respectively, then
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∥∥∥∥∥x −
m∑
j=1
xaj −
m∑
j=1
xbj
∥∥∥∥∥∞ = supn∈⋃∞j=m+1(I (aj )∪I (bj ))
∣∣x(n)∣∣
max
(
−bm + bm+1
2
,
am + am+1
2
)
< max(−bm,am).
Since limm→∞ am ↓ 0 and limm→∞ bm ↑ 0, the inequality above implies
lim
m→∞
∥∥∥∥∥x −
m∑
j=1
xaj −
m∑
j=1
xbj
∥∥∥∥∥∞ = 0.
Noting that Banach limit L is a continuous linear functional defined on l∞, we have
L(x) = lim
m→∞L
(
m∑
j=1
xaj +
m∑
j=1
xbj
)
= lim
m→∞
m∑
j=1
L
(
xaj
)+ lim
m→∞
m∑
j=1
L
(
xbj
)
=
∞∑
j=1
L
(
xaj
)+ ∞∑
j=1
L
(
xbj
)
. (6)
From Theorem 2, we obtain, for all positive integers j ,
ajwl(aj ) L
(
xaj
)
 ajwu(aj ) and bjwu(bj ) L
(
xbj
)
 bjwl(bj ). (7)
From (6) and (7), it yields
∞∑
j=1
ajwl(aj ) +
∞∑
j=1
bjw
u(bj ) L(x)
∞∑
j=1
ajw
u(aj ) +
∞∑
j=1
bjwl(bj ),
or we can write it in the following form:∑
0<a∈S(x)
awl(a) +
∑
0>a∈S(x)
awu(a) L(x)
∑
0<a∈S(x)
awu(a) +
∑
0>a∈S(x)
awl(a). (8)
Next, for p = 0, let y := x −p. Then the sub-limits set of y is S(y) = {a −p: a ∈ S(x)}, and
S′(y) = {0}. By inequality (8), we have∑
0<a−p∈S(y)
(a − p)wl(a − p) +
∑
0>a−p∈S(y)
(a − p)wu(a − p)
 L(y)
∑
0<a−p∈S(y)
(a − p)wu(a − p) +
∑
0>a−p∈S(y)
(a − p)wl(a − p).
Noting that wl(a − p) = wl(a) and wu(a − p) = wu(a), we have∑
p<a∈S(x)
(a − p)wl(a) +
∑
p>a∈S(x)
(a − p)wu(a)
 L(x) − L(p)
∑
p<a∈S(x)
(a − p)wu(a) +
∑
p>a∈S(x)
(a − p)wl(a).
Since L(p) = p, combining the like terms in the inequality above, we have
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p<a∈S(x)
awl(a) +
∑
p>a∈S(x)
awu(a) + pwl(p)
L(x)
∑
p<a∈S(x)
awu(a) +
∑
p>a∈S(x)
awl(a) + pwu(p).
When wl(a) = wu(a) = w(a) for all a ∈ S(x) and a = p, let 1 −∑p =a∈S(x) w(a) = w(p), we
have
L(x) =
∑
a∈S(x)
aw(a). 
More general than Theorem 5, we have
Theorem 6. Suppose x := {x(n)}∞n=1 ∈ l∞ and S(x) is infinite but countable and S′(x) ={p1, . . . , pm} is a nonempty finite set, where p1 > p2 > · · · > pm. Then∑
1jm
( ∑
pj<a∈Sj (x)
awl(a) +
∑
pj>a∈Sj (x)
awu(a) + pjwl(pj )
)
L(x)
∑
1jm
( ∑
pj<a∈Sj (x)
awu(a) +
∑
pj>a∈Sj (x)
awl(a) + pjwu(pj )
)
,
where
S1(x) =
{
a ∈ S(x): p1 + p2
2
 a
}
,
S2(x) =
{
a ∈ S(x): p2 + p3
2
 a < p1 + p2
2
}
,
...
Sm(x) =
{
a ∈ S(x): a < pm−1 + pm
2
}
,
where if pj > 0,
wl(pj ) = wl(yj ) −
( ∑
pj<a∈Sj (x)
wl(a) +
∑
pj>a∈Sj (x)
wu(a)
)
,
wu(pj ) = wu(yj ) −
( ∑
pj>a∈Sj (x)
wl(a) +
∑
pj<a∈Sj (x)
wu(a)
)
,
and if pj < 0,
wl(pj ) = wu(yj ) −
( ∑
pj<a∈Sj (x)
wl(a) +
∑
pj>a∈Sj (x)
wu(a)
)
,
wu(pj ) = wl(yj ) −
( ∑
p >a∈S (x)
wl(a) +
∑
p <a∈S (x)
wu(a)
)
,j j j j
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yj (n) =
{
1, if n ∈ Sj (x),
0, otherwise,
j = 1,2, . . . ,m. If, furthermore, wl(a) = wu(a) = w(a) for all a ∈ S(x), then x is almost con-
vergent and for any Banach limit L,
L(x) =
∑
a∈S(x)
aw(a).
Proof. Let z = x − ∑mj=1 pjyj . Then S(z) is an infinitely countable set and S′(z) = {0}. By
inequality (8), we have∑
0<b∈S(z)
bwl(b) +
∑
0>b∈S(z)
bwu(b) L(z)
∑
0<b∈S(z)
bwu(b) +
∑
0>b∈S(z)
bwl(b).
That is,
∑
1jm
( ∑
pj<a∈Sj (x)
(a − pj )wl(a) +
∑
pj>a∈Sj (x)
(a − pj )wu(a)
)
 L(x) −
m∑
j=1
pjL(yj )
and
L(x) −
m∑
j=1
pjL(yj )
∑
1jm
( ∑
pj<a∈Sj (x)
(a − pj )wu(a) +
∑
pj>a∈Sj (x)
(a − pj )wl(a)
)
.
On the other hand, we know by Theorem 2,
L(x) −
m∑
j=1
pjL(yj ) L(x) −
( ∑
pj<0
pjw
u(yj ) +
∑
pj>0
pjwl(yj )
)
and
L(x) −
( ∑
pj>0
pjw
u(yj ) +
∑
pj<0
pjwl(yj )
)
 L(x) −
m∑
j=1
pjL(yj ).
Hence ∑
1jm
( ∑
pj<a∈Sj (x)
(a − pj )wl(a) +
∑
pj>a∈Sj (x)
(a − pj )wu(a)
)
 L(x) −
( ∑
pj<0
pjw
u(yj ) +
∑
pj>0
pjwl(yj )
)
and
L(x) −
( ∑
pj>0
pjw
u(yj ) +
∑
pj<0
pjwl(yj )
)

∑
1jm
( ∑
p <a∈S (x)
(a − pj )wu(a) +
∑
p >a∈S (x)
(a − pj )wl(a)
)
.j j j j
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1jm
( ∑
pj<a∈Sj (x)
awl(a) +
∑
pj>a∈Sj (x)
awu(a) + pjwl(pj )
)
L(x)
∑
1jm
( ∑
pj<a∈Sj (x)
awu(a) +
∑
pj>a∈Sj (x)
awl(a) + pjwu(pj )
)
. 
3. Weight and density
The concept of density of subsequence of natural numbers has been applied widely in math-
ematics, especially in number theory and summability theory. We recall the concept of density
below.
Let {nk}∞k=1 be a subsequence of the sequence {n}∞n=1, the sequence of natural numbers. The
upper density of {nk}∞k=1 is defined by
δu
({nk})= lim sup
n→∞
A({k: nk  n})
n
,
and the lower density of {nk}∞k=1 is defined by
δl
({nk})= lim inf
n→∞
A({k: nk  n})
n
.
Subsequence {nk}∞k=1 of natural numbers is said to have a density if and only if
δl
({nk})= δu({nk}).
In this case the density of {nk}∞k=1 is denoted by δ({nk}) and
δ
({nk})= δl({nk})= δu({nk}).
Noting that upper density, lower density and density are defined on the set of subsequences
of natural numbers and upper weight, lower weight and weight are defined on sequences in l∞,
in order to study the connection between the density and the weight, we give the following
definition.
Definition 5. Let {nk}∞k=1 be a subsequence of natural numbers. Define a sequence c := {c(n)}∞n=1
with entries 0 and 1 as follows:
c(n) =
{
1, if n = nk for some k = 1,2,3, . . . ,
0, if n = nk for any k = 1,2,3, . . . ,
c := {c(n)}∞n=1 is called the characteristic sequence of {nk}∞k=1.
Following Definition 5, we can define the upper weight, lower weight and weight of subse-
quences of natural numbers as follows.
Definition 6. Let {nk}∞k=1 be a subsequence of natural numbers with characteristic sequence
c = {c(n)}∞n=1. Define and denote the upper weight, lower weight and weight, if it exists, of sub-
sequence {nk}∞k=1 to be the upper weight, lower weight and weight of its characteristic sequence
c = {c(n)}∞n=1, respectively, that is
wl
({nk})= wl({c(n)}), wu({nk})= wu({c(n)}) and w({nk})= w({c(n)}).
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follows:
wl
({nk})= lim
n→∞
(
inf
i
1
n
i+n−1∑
j=i
c(j)
)
and wu
({nk})= lim
n→∞
(
sup
i
1
n
i+n−1∑
j=i
c(j)
)
,
δl
({nk})= lim inf
n→∞
(
1
n
n∑
j=1
c(j)
)
and δu
({nk})= lim sup
n→∞
(
1
n
n∑
j=1
c(j)
)
.
We have the following relationship between the density and the weight of subsequence of
natural numbers.
Lemma 1. For any subsequence {nk}∞k=1 of natural numbers, we have
wl
({nk}) δl({nk}) δu({nk})wu({nk}).
Furthermore, if {nk}∞k=1 is weightable, then {nk}∞k=1 has a density, and δ({nk}) = w({nk}).
Proof. The proof is straightforward and is omitted. 
We give an example below to show that for some subsequences of natural numbers, the strict
inequalities hold in Lemma 1.
Example 1. Let the characteristic sequence c = {c(n)}∞n=1 of {nk}∞k=1 is defined as follows:
c(n) =
{
1, if 22k−1  n < 22k,
0, if 22k−2  n < 22k−1,
for some k = 1,2,3, . . . , that is
c = {c(n)}∞
n=1 := {0,1,1,0,0,0,1, . . . , 0,0, . . . ,0,︸ ︷︷ ︸
(2k−1)th block
1,1, . . . ,1,︸ ︷︷ ︸
(2k)th block
0, . . .},
where k = 1,2,3, . . . . There are 22k−2 0’s in the (2k − 1)th block and 22k−1 1’s in the (2k)th
block. The index of the first entry of (2k − 1)th block is 22k−2, and the index of the first entry of
(2k)th block is 22k−1.
Noting that for any positive integer n, there exists integer K , such that n < 22k−2, if k K ,
we have
1
n
22k−2+n∑
j=22k−2+1
c(j) = 0 and 1
n
22k−1+n∑
j=22k−1+1
c(j) = n
n
= 1.
Hence
inf
i
1
n
i+n−1∑
j=i
c(j) = 0 and sup
i
1
n
i+n−1∑
j=i
c(j) = 1,
for all i. It implies wl({nk}) = 0 and wu({nk}) = 1.
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1
n
n∑
j=1
c(j) = (2 + 2
3 + · · · + 22k−1)
22k − 1 =
22k+1 − 2
3(22k − 1) =
2
3
.
Noting
m
n
<
m + 1
n + 1 , if 0 < m < n, (9)
for all n satisfying 22k−1  n 22k − 1, we have
1
n
n∑
j=1
c(j) 2
3
.
Hence
δu
({nk})= lim sup
n→∞
(
1
n
n∑
j=1
c(j)
)
= 2
3
.
On the other hand, for any integer k, let n = 22k−1 − 1, then
1
n
n∑
j=1
c(j) = (2 + 2
3 + · · · + 22k−3)
22k−1 − 1 =
22k−1 − 2
3(22k−1 − 1) .
Noting that for positive numbers m, n,
m
n
>
m
n + 1 , (10)
for n satisfying 22k−2  n 22k−1 − 1, we have
1
n
n∑
j=1
c(j) 2
2k−1 − 2
3(22k−1 − 1) .
Hence
δl
({nk})= lim inf
n→∞
(
1
n
n∑
j=1
c(j)
)
= 1
3
.
Thus,
wl
({nk})< δl({nk})< δu({nk})< wu({nk}).
Lemma 1 points out that if {nk}∞k=1 is weightable, then {nk}∞k=1 has a density, and δ({nk}) =
w({nk}). But the following example shows that the converse statement is not true.
Example 2. Let the characteristic sequence c = {c(n)}∞n=1 of {nk}∞k=1 is defined as follows:
c(n) =
{
1, if k2 − k + 1 n k2,
0, if k2 + 1 n k2 + k,
for some k = 1,2,3, . . . , that is
c = {c(n)}∞
n=1 := {1,0,1,1,0,0,1, . . . , 1,1, . . . ,1,︸ ︷︷ ︸ 0,0, . . . ,0,︸ ︷︷ ︸1, . . .},
(2k−1)th block (2k)th block
494 B.Q. Feng, J.L. Li / J. Math. Anal. Appl. 323 (2006) 481–496where k = 1,2,3, . . . . There are k 1’s in the (2k − 1)th block and k 0’s in the (2k)th block. The
index of the first entry of (2k − 1)th block is k2 − k + 1, and the index of the first entry of (2k)th
block is k2 + 1. Thus, if n = k, then
1
n
k2+n∑
j=k2+1
c(j) = 0 and 1
n
k2−k+n∑
j=k2−k+1
c(j) = 1.
Hence wl({nk}) = 0 and wu({nk}) = 1. w({nk}) does not exist.
On the other hand, if n = k2, k = 1,2,3, . . . , then
1
n
n∑
j=1
c(j) = 1 + 2 + · · · + (k − 1)
k2
= k − 1
2k
.
Using inequality (9), we have
δu
({nk})= lim sup
n→∞
1
n
n∑
j=1
c(j) lim
k→∞
k − 1
2k
= 1
2
 δu
({nk}).
Hence δu({nk}) = 12 .
If n = k2 + k, k = 1,2,3, . . . , then
1
n
n∑
j=1
c(j) = 1 + 2 + · · · + (k − 1)
k2 + k =
k − 1
2(k + 1) .
Again using inequality (10), we have
δl
({nk})= lim inf
n→∞
1
n
n∑
j=1
c(j) lim
k→∞
k − 1
2(k + 1) =
1
2
 δl
({nk}).
Hence δl({nk}) = 12 . Thus, δ({nk}) exists, and δ({nk}) = 12 .
Example 3. Let the characteristic sequence c = {c(n)}∞n=1 of {nk}∞k=1 is defined as follows:
c(n) =
{
1, if k3  n (k + 1)3 − k,
0, if (k + 1)3 − k < n < (k + 1)3,
for some k = 1,2,3, . . . , that is
c = {c(n)}∞
n=1 := {1, . . . ,1,︸ ︷︷ ︸
1st block
1, . . . ,1,︸ ︷︷ ︸
3rd block
0, . . . , 1,1, . . . ,1,︸ ︷︷ ︸
(2k−1)th block
0,0, . . . ,0,︸ ︷︷ ︸
(2k)th block
1, . . .},
where k = 1,2,3, . . . . There are 7 1’s in the first block, no second block, and 18 1’s in the third
block. In general, there are (3k2 + 2k + 1) 1’s in the (2k − 1)th block and (k − 1) 0’s in the
(2k)th block, respectively. The index of the first entry of (2k − 1)th block is k3, and the index of
the first entry of (2k)th block is (k + 1)3 − k. Thus, if n = k − 1, then
1
n
(k+1)3−k+n−1∑
3
c(j) = 0,
j=(k+1) −k
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1
n
k3+n−1∑
j=k3
c(j) = 1,
for k = 1,2,3, . . . , so wu({nk}) = 1.
On the other hand, if n = (k + 1)3 − k, k = 1,2,3, . . . , then
1
n
n∑
j=1
c(j) =
∑k
j=1(3k2 + 2k + 1)
(k + 1)3 − k =
k(k + 1)(k + 12 ) + k(k + 1) + k
(k + 1)3 − k .
It is clear that the last expression approaches to 1, when k → ∞. Thus,
δu
({nk})= lim sup
n→∞
1
n
n∑
j=1
c(j) = 1.
If n = (k + 1)3, k = 1,2,3, . . . , then
1
n
n∑
j=1
c(j) =
∑k
j=1(3k2 + 2k + 1)
(k + 1)3 =
k(k + 1)(k + 12 ) + k(k + 1) + k
(k + 1)3 .
The last expression also approaches to 1, when k → ∞. Thus,
δl
({nk})= lim inf
n→∞
1
n
n∑
j=1
c(j) = 1.
Hence δ({nk}) = 1.
By modifying Example 3, we have another extreme case.
Example 4. Let the characteristic sequence c = {c(n)}∞n=1 of {nk}∞k=1 is defined as follows:
c(n) =
{
0, if k3  n (k + 1)3 − k,
1, if (k + 1)3 − k < n < (k + 1)3,
for some k = 1,2,3, . . . . Then δ({nk}) = 0. But w({nk}) does not exist it is because wl({nk}) = 0,
and wu({nk}) = 1.
Lemma 1 and Examples 1–4 show an elegant relationship between the weight and density of
a subsequence of natural numbers.
Lemma 2. For given positive integers k < m, let {nj }∞j=1 be a subsequence of natural numbers
such that for any positive integer t , A({nj : (t −1)m < nj  tm}) = k, then w({nj }) = δ({nj }) =
k/m.
Proof. It is clear that its characteristic sequence
c := {c(1), c(2), . . .}= {x1, . . . , xm, y1, . . . , ym, z1, . . . , zm, . . .}
satisfies that there are exactly k 1’s and (m−k) 0’s among x1, . . . , xm or y1, . . . , ym or z1, . . . , zm
or . . . , respectively. For all positive integer i, let i = mq + r, where 0 r < m, and n + i − 1 =
mp + s, where 0 s < m, p > q + 1, then n = m(p − q) + (s − r + 1) and
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n
i+n−1∑
j=i
c(j) 1
n
mp∑
j=m(q+1)+1
c(j) = k(p − q − 1)
m(p − q) + (s − r + 1) .
Noting p → ∞, as n → ∞, we have
lim
n→∞
(
inf
i
1
n
i+n−1∑
j=i
c(j)
)
 lim
p→∞
k(p − q − 1)
m(p − q) + (s − r + 1) =
k
m
.
Hence wl(1) km . On the other hand, for all positive integers i, we have
1
n
i+n−1∑
j=i
c(j) 1
n
m(p+1)∑
j=mq
c(j) = k(p + 1 − q)
m(p − q) + (s − r + 1) .
Thus, we obtain
lim
n→∞
(
sup
i
1
n
i+n−1∑
j=i
c(j)
)
 lim
p→∞
k(p + 1 − q)
m(p − q) + (s − r + 1) =
k
m
.
Hence wu(1) k
m
. Since wl(1) wu(1), it yields wl(1) = wu(1), therefore w(1) exists. From
Lemma 1, we get w(1) = δ(1) = k/m. Similarly to the proof above, we can show w(0) = δ(0) =
(m − k)/m. 
For counting Banach limits of some special elements in l∞, we give a familiar formula.
Corollary 2. For a given positive integer m, let
x = {x1(1), . . . , xm(1), x1(2), . . . , xm(2), . . . , x1(n), . . . , xm(n), . . .},
where for each j, 1 j m, limn→∞ xj (n) = aj . Then
L(x) = a1 + a2 + · · · + am
m
.
Proof. From Lemma 2, we have w(aj ) = 1/m, for all 1  j m. Then this corollary follows
immediately from Theorem 4. 
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